Abstract. Let Γ be the Littlewood-Richardson tableau corresponding to an embedding M of a subgroup in a finite abelian p-group. Each individual entry in Γ yields information about the homomorphisms from M into a particular subgroup embedding, and hence determines the position of M within the category of subgroup embeddings. Conversely, this category provides a categorification for LR-tableaux in the sense that all subgroup embeddings corresponding to a given LR-tableau share certain homological properties.
are called pickets; they are determined uniquely, up to isomorphism, by the lengths ℓ = len A and m = len B:
(p m−ℓ ) ⊂ R/(p m ) .
Our main result gives an interpretation of the entries in the LR-tableau in terms of homomorphisms into pickets, and in terms of the picket decomposition of a suitable subquotient of the embedding. Remark 2. The category S of submodule embeddings provides a categorification for LR-tableaux in the sense that objects in S which correspond to the same LR-tableau share the homological properties given by homomorphisms into pickets (statement 3. in the Theorem). As we will see in the examples in Section 6, such objects are located in the same vicinity in the Auslander-Reiten quiver.
Definition. For natural numbers ℓ, n, let S ℓ and S(n) denote the full subcategories of S of all pairs (A ⊂ B) which satisfy p ℓ A = 0 and p n B = 0, respectively. The author also wishes to thank the referee, in particular for suggesting a significant simplification for the proof of Theorem 1.
Partitions
For m a natural number, let P m be the cyclic R-module R/(p m ). Recall that an arbitrary R-module is determined uniquely, up to isomorphism, by a partition:
Here β ′ denotes the transpose of the partition β. Let β, γ be partitions. We say γ ≤ β if γ i ≤ β i holds for each i; in this case β and γ define a skew tableau β − γ. The skew tableau is a horizontal strip if β i − γ i ≤ 1 holds for each i, and the length |β − γ| of the strip is given by the sum i (β i − γ i ).
Definition. An increasing sequence of partitions Γ = [γ 0 , . . . , γ s ] defines an LR-tableau of type (α, β, γ) if s = α 1 , γ 0 = γ, γ s = β and the following two conditions are satisfied.
(1) For each ℓ ≥ 1, the skew tableau γ ℓ − γ ℓ−1 is a horizontal strip of length |γ ℓ − γ ℓ−1 | = α ).
As usual, we picture an LR-tableau Γ = [γ 0 , . . . , γ s ] by labelling each box in the skew tableau γ ℓ −γ ℓ−1 by ℓ . Note that some authors replace the partitions in the tableau by their transposes; here we follow the convention in [3] .
Given an embedding M : (A ⊂ B) we obtain an LR-tableau as follows. Put α = type(A), β = type(B), γ = type(B/A), let s = α 1 be the Loewy length of A, and define for each 0 ≤ ℓ ≤ s the partition γ ℓ = type(B/p ℓ A). According to Green's Theorem [3, Theorem 4.1], the sequence Γ = [γ 0 , . . . , γ s ] forms an LR-tableau of type (α, β, γ); we say Γ is the LR-tableau for M.
Semisimple submodules
The embeddings (A ⊂ B) of p-modules where A is semisimple form the category S 1 , they are well understood: The indecomposable embeddings are pickets P As a category, S 1 is an exact Krull-Remak-Schmidt category which has Auslander-Reiten sequences, see [8, Section 3.1] . The Auslander-Reiten quiver consists of one tube that has 2 rays but only 1 coray; in this quiver we represent the indecomposable objects by their LR-tableaux. 
Categorification
In this section we show Theorem 1. For M = (A ⊂ B) an embedding and ℓ a natural number let
be the reduced embedding, which is an object in S 1 . The following result is clear from the definition. Combining this result with Corollary 1 we obtain the equality of the numbers in (1) and (2) Remark 3. Together, the maps of type g m ℓ form the sink maps in the Auslander-Reiten quiver for the category Pic which has as objects the direct sums of pickets; morphisms are those maps for which each component is either zero or an inclusion between pickets.
Pic : First we determine C m ℓ in the case where ℓ < m and compute its LRtableau. We use [6, Theorem 5.2] in which the Auslander-Reiten translation is computed for indecomposable objects in the factor module category F (n). The kernel and cokernel functors induce an equivalence between the categories F (n) and S(n) [6, Lemma 1.2 (3)], so we can compute τ We can now complete the proof of Proposition 1.
Proof. Let 1 ≤ ℓ ≤ m ≤ n. 1. In each case, there is exactly one box ℓ in row m in the above LR-tableau for C Suppose that M ∈ S(n). In order to show that the bilinear form given by composition
is left non-degenerate, let r : M → P m ℓ be a map which does not factor through g m ℓ . We will construct q : C → M such that rq does not factor through g m ℓ . Since r does not factor through g m ℓ , the induced sequence at the bottom of the above diagram does not split. Hence the map s factors through u: There is a map 
Duality
Let I be the injective envelope of the simple R-module P 1 . Then the functor * = Hom R (−, I) defines a duality for R-modules, which gives rise to a duality for short exact sequences of R-modules, and hence yields a duality on S. We have seen that the entries in the LR-tableau for an object M ∈ S are isomorphism invariants for M and can be interpreted in terms of homomorphisms from M into pickets. Also the entries in the LR-tableau for M * are isomorphism invariants for M; they have the following interpretation in terms of homomorphisms from pickets into M. 
For 1 ≤ q ≤ m, the morphism h m q is the following map between sums of pickets; each component map is an epimorphism on the total space and on the factor space.
Proof. The result is an easy consequence of Theorem 1: For the equality of the numbers in (1) and (2) it suffices to note that if M is the embedding (A ⊂ B), then the dual M * is the embedding (U ⊂ B * ) where U = ann B * A.
We show the equality of the numbers in (1) and (3) According to Theorem 1, the number in (1) is the dimension
, which is equal to the dimension
With the following result we can position M within the category S:
(1) The factor
is a 1-dimensional k-vector space.
(2) For M ∈ S(n), the bilinear form given by composition,
Proof. This result follows from Proposition 1 by duality. 6 . Example: Submodules of p 5 -bounded modules.
The results in this paper can be visualized on the Auslander-Reiten quivers of categories of embeddings. In this section we consider the category S(5), which among all the categories of type S(n) is the largest of finite representation type [7] . There are 50 indecomposable objects in S(5); we picture here the Auslander-Reiten quiver Γ S(5) from [7, (6.5) ], with the objects represented by their LR-tableaux. 
Recall that for
] the power series ring, the homomorphisms between indecomposable modules are given as the linear combinations of paths, modulo mesh relations.
In the second copy of Γ S(5) , the pickets are encircled, and there is an indecomposable object labelled M which has the following LR-tableau. For each pair (ℓ, m) such that
we indicate a path M → P m ℓ representing a map which does not factor through g m ℓ . There are the following five paths:
, and M → P 5 3 Corresponding to each such path M → P m ℓ there is an entry ℓ in the m-th row of the LR-tableau for M, as predicted by Theorem 1. have the same LRtableau, and hence cannot be distinguished by homomorphisms into pickets. We focus on the case where ℓ = 2 and m = 4. The indecomposables which have an entry 2 in the 4-th row in their LR-tableau are in the region labelled R in the third copy of the Auslander-Reiten quiver Γ S (5) . Note that the two "eyes" are not part of the region R. Each object M in R admits a map t : M → P E : 0 −→ P We consider duality: Let us locate those indecomposable objects M ∈ S(5) for which the LR-tableau of M * contains a box 2 in row 4. Note that duality acts on the above Auslander-Reiten quiver by reflection on the central vertical axis. It follows that the modules M as above are located within the region R * encircled by the dotted line, and without the two dotted ellipses. According to Theorem 2, they are characterized in terms of homomorphisms from pickets, as follows. The dual of the above sequence E is E * : 0 −→ P 
